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Abstract 
First in order to investigate deformation of ASLs, we define the moduli space of ASLs on 
a given poset. And we give an inequality between the depth of general ASLs and that of the 
corresponding StanleyyReisner ring, which includes the fundamental theorem on ASLs by De 
Concini, Eisenbud and Procesi (1982). Secondly we give a counter-example of the following 
conjecture of Hibi: If there exists an ASL on a finite poset H over a field k which is an integral 
domain then H is Cohen-Macaulay over k, i.e., the Stanlay-Reisner ring k[H] of H is 
Cohen-Macaulay. 
Introduction 
The purpose of the present paper is twofold. First of all, given a poset H, what kind 
of ASLs or how many ASLs exist on H? In order to investigate these problems, we 
define in this article the moduli space of ASLs on H as an algebraic scheme defined 
over an algebraically closed field k whose closed points correspond to ASLs on H over 
k. In the case where rank H = 2, we can write down explicitly the structure of this 
moduli space (in Section 2). In Section 3, we look into a lifting property of a coefficient 
ring of ASLs. In Section 4, we give an inequality between the depth of general ASLs 
and that of the corresponding Stanley-Reisner ring, which includes the fundamental 
theorem on ASLs by De Concini, Eisenbud and Procesi [3]. 
Secondly we consider the following conjecture of Hibi [7]: If there exists an ASL on 
a finite poset H over a field k which is an integral domain then His Cohen-Macaulay 
over k, i.e., the Stanlay-Reisner ring k[H] of H is Cohen-Macaulay. It is true if the 
dimension of an ASL is less than 4 (see [S]). In Section 5, we consider a special class of 
posets with a unique minimal element which do not contain any cycles. We call such 
a poset a tree. We show that the above conjecture is true if H is a tree. But in Section 
6 we give a counter-example H to the above conjecture, which is a poset of rank 4 over 
a field of characteristic 2. In order to show that an ASL on H is an integral domain, we 
used the computer software “Macaulay”. 
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1. Preliminaries 
Let A = @n2O A, be a graded ring which is finitely generated over a ring R = A,,. 
Let H be a finite partially ordered set (pose& for short). We assume that an injection 
i: H + A1 is given and therewith identify H with i(H). Suppose A is generated by 
H over R. A (formal) product 01~ . . a, of elements of H is called a monomial and it is 
called a standard monomial if c~i I Q I . . . I CY, in H. We denote by M, the set of 
monomials in A,, by SM, the set of standard monomials in M, and 
NSM, = M,\SM,,. Set M = U,20M,,, SM = U,,>$M,, and NSM = U,20~~~,,. 
The algebra A is an algebra with straightening laws (ASL, for short) on H over R if 
(ASL-1) A is a free R-module admitting SM as a free basis over R, 
(ASL-2) if c( + p (i.e. c( and fi are incomparable in H) then there is a unique 
expression 
(*) afi = c cYsyG with cys E R, 
Y~ESMZ,Y<&B 
where we understand c$ = 0 provided there is no y with y < CI, /I. We recall (*) the 
straightening relations for A. If the right-hand side of all the straightening relations are 
0, then we call A a Stanley-Reisner ring of H and denote it by R[H]. And we call 
A a quasi-ASL on H over R if A is generated by H over R and A satisfies (ASL-2). 
Let A be a quasi-ASL on H over R. Given a monomial a, . . a, in A, we can employ 
the condition (ASL-2) to write ai . . . CI, as a linear combination of standard mono- 
mials. A straightened expression of the non-standard monomial a, . . a, is found as 
follows (cf. Cl]): 
A violation for cur . . . a, to be standard is a quadratic factor ai”j such that ixi and “j 
are incomparable in H. Substituting the straightening relation xiclj = C,cly,,y,, for 
aiaj, we obtain the sum 
AA 
Xl . . . a, = C Clal ... ai ... aj ... cInYflYIZ~ 
Next, we look for a violation in each of the resulting terms and straighten them. We 
repeat this process. By (ASL-2), this process eventually terminates and we obtain 
a linear combination CI~ .. . c(,, = &dlall . . . ccln of standard monomials. We call this 
sum CIdlclll . . . cxln a standardization for c~i . . . CC,,. Note that a standardization for 
ai . . . ct,, is not necessarily unique unless (ASL-1) is assumed. We mean by a standard- 
ization for (c~rc(~)c1~ the one obtained by applying (ASL-2) first to the pair aicc, in the 
bracket. 
The following lemma is fundamental: 
Lemma 1 (Bergman 12, Theorem 1.21). Let A be a quasi-ASL on a poset H over a ring 
R written in the form 
A= R[X,: cr~H]/ c cysX,Xd: a/I E NSM, 
yJtSM2,y<a,B 
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Then A is an ASL if and only ifan arbitrary element in NSM3 has a unique standardiz- 
ation. 0 
To consider all ASLs on a finite poset H over a ring R in a universal way we define 
the following rings, 
Co = R[c;$: Q$ E NSM,, y6 E SM2, y < a$], 
where c$ are variables, and 
U,=C,[E:EEH]/ 1 c$yS: xfi E NSM, . 
ydtSM2,y<a,P 
U, is a quasi-ASL on H over CO. But Cl0 is not in general an ASL on H over CO. By 
Lemma 1, the minimal ideal I in CO such that U,/IU, is an ASL on H over CO/I is 
uniquely determined as follows: 
Let (c$‘,)fi, = CmaSM,c~B1)82m (resp. (c~p~)/?i = CmsSMsc~B2)P1m) be a standardiz- 
ation for (c$r)BZ (resp. (c@~)~~) for IX +/?i,b2 in H. Then we have as the unique 
minimal ideal 
I(H) = ($$)flZ _ ,$flZ)~I: 
m E SM3, u 7L 8& in H). 
Note that I(H) is uniquely determined, though each c~“)‘* - ~2’~)‘~ depends on the 
choice of standardizations. We define 
C,(H) (= C(H)) = C&(H), 
and 
u,(H) ( = U(H)) = &II(H)Uo. 
If k is an algebraically closed field, each closed fibre ring Uk(H)@c,(HJC,(H)/m, 
where m is a maximal ideal of C,(H), is an ASL on H over k, then the closed points of 
Spec C,(H) correspond to ASLs on H over k. 
If k[H] is a complete intersection, then Z(H) = (0) and C,(H) ( = C,) is a poly- 
nomial ring. 
2. The case dim A = 2 
WedefinerankH=max{nEN:a,>a,> ... >~(,forsomea,,...,cc,~H}.In 
this section we investigate C(H), where rank H = 2. First we define the “gluing” 
according to Watanabe [ 121. Let HI, H2 be two finite posets and let II, Z2 be the poset 
deals of HI, H2 respectively. If there is an isomorphism 4 : HI \I1 7 Hz\ I, of posets, 
we define a new poset H, u+H2 as the disjoint union of H, and I, with the order 
relation defined as follows: 
SupposeccEH,andBEH,.If~EI,,thena~~.IfaEH1\l1,thencc7L/jifandonly 
if 4(a) 2 p. 
Note that Ii, Z2 and I1 u IZ are poset ideals of HI u 4H2. 
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Lemma 2 [12, Proposition 3.21. Let Hi and 1i (i = 1,2) be as above, and let 
H = HI u @Hz. If A is an ASL on H over R, then A is isomorphic to thefibre product 
Al xsAz, where Al = A/I,A, A2 = A/Z,A, S = A/(1, u ZJA, and Ai + S (i = 1,2) is 
the canonical residue homomorphism. 0 
Let H, Hi and li (i = 1,2) be as above. If Ai is an ASL on Hi over R and if 
@: A,/ZIA1 ---f A,/Z,A1 is an isomorphism as ASL, which is compatible with the 
isomorphism 4 : HI \ I, r H2\12, then the fiber product 
A=Alx~A,=((x,y)~AlxA 2: @(x(modl,A,)) = y(modl,A,)} 
is an ASL on H over R and A/ZiA ? Ai (i = 1,2). We call this process the “gluing of Al 
and A2 along @“. 
Lemma 3. Let H, Hi and li (i = 1,2) be as above. We assume rank(H\(I, u 12)) = 1. 
Then we have 
C(H)z C(H~)ORC(HZ). 
Proof. In U(H) (resp. U(Hi)) the straightening relations are given as follows: 
ctj3 = c ($6 + c c;E$ 
YdaSM2,ysrl,y<a,B Y~ESM~,YEIZ,Y<~,B 
( 
resp. c@ = c Ci~~yS . 
ydESMz,Y~li,Y<a,B 1 
So we define the map R [ (c$}] + R [ { ~$6) u { c$} ] by C$ H C$ provided y E 1i. 
This map is well defined and an isomorphism. By virtue of the construction of I(H) 
and Z(H,) (i = 1,2) and the fact that the standardization of the monomial c$y is zero 
unless c&y E HI or cr$,y E Hz, it is easy to see that 
C(H) z C(H,) OR C(H,). 17 
From now on, we consider to determine C(H) in the case rank H = 2. By Lemmas 
2 and 3 we consider the case where H has a unique minimal element. 
Proposition 4. Let H be a poset of rank two as shown in Fig. 1, where n 2 3. Then we 
have 
C(H) 2 R[cij, Ciji, cijj: 1 4 i,j 2 n]/I 
where 
I = (Cij + CijiCill + CijjCjll - CillCjll, Cijj - Cjij: 1 # i,j, i < j) 
and the straightening relations for U(H) are given by 
XiXj = CijXg + CijiXoXl+ CijjXOXj (1 I i <j I n). 
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Proof. Let H be as given as above. The straightening relations for U(H) are written as 
n 
XiXj = C Cij X0X1, 1 5 i,j I n. 
l=O 
Comparing the coefficients of x0x: in the standardizations of (XiXj)XI and (XixI)Xj 
where 1 I 1 I n, 1 # O,i,j, i < j, we obtain cf’ = 0. Therefore we may rewrite the above 
relations 
XiXj = CijX~ + CijiXOXi + CijjXgXj. 
Similarly comparing the other coefficients in (XiXj)Xl and (XiXl)Xj, we get the relations 
in 1. Note that the relation CiljCij - CijiCi, + Cjl(Cis - cijj) obtained by comparing the 
coefficients of xz in (xixj)xl and in (xixi)xj belong to the ideal I. 0 
Corollary 5. Let H be a poset of rank 2. Then C(H) is isomorphic to a polynomial ring if 
and only if every minimal element in H has at most three elements greater than it. 
Proof. By Lemma 3, we have only to consider the case where H has the minimal 
unique element. Then the result follows from Lemma 4. 0 
We only know that the following conjecture is valid if 1 I n I 4. 
Conjecture 6. In the same situation as in Lemma 4 we have 
dim C(H) = 3(n - 1) + dim R for n 2 1. 
3. The moduli space of ASLs 
From the construction of C,(H), we may consider Spec C,(H) as the moduli space 
of the ASLs on H over R in the following sense. Let 
ASLH: R-Alg + Set, S H {ML on H over S> 
be a functor from the category of R-algebras R-Alg, to the category of sets Set. Then 
ASLH is represented by C,(H). Namely, for an arbitrary R-algebra S and for an 
arbitrary ASL A on H over S, we have A = U,(H) @cRcH)(S, 4) for a uniquely 
92 N. Terai / Journal of Pure and Applied Algebra 95 (1994) 87-101 
determined 4 E HomR_Alg(CR(H), S), i.e., ASL,(S) 2 HomR_Ats,(CR(H), S) where (S, 4) 
is the C,(H)-algebra S via an R-algebra homomorphism 4. We denote Spec C,(H) 
also by ASL,,R. 
Moreover, C,(H) has the following property: 
Theorem 7. Let H be a3nite poset. Let k be an algebraically closed field, A a jnitely 
generated reduced k-algebra and B a finitely generated A-algebra with an inclusion 
i : H L--, B such that B is generated by H over A. Suppose the residue ring B/tnB is an 
ASL on H over k, for every maximal ideal m of A. Then there exists a ring homomor- 
phism $: C,(H) --f A (which is independent of m) such that the following diagram is 
commutative, 
C,(H) L-A 
where C,(H) + A/m is the k-algebra homomorphism corresponding to B/m B by the 
isomorphism ASL,(A/m) 2 Homt+Alg(Ck(H), A/m). 
Proof. First, note that n nr E Max(Aj mB = $$ where Max(A) is the set of maximal 
ideals of A. In fact, “ c ” follows from the Hilbert Nullstellensatz, while “ 3 ” follows 
from the fact that the ASLs B/mB over the field k are reduced (see, for example, Cl]). 
We put B’ = B/J@. We shall show that B’ is a graded A-algebra generated by 
H c B; with Bb = A. Suppose we have a relation f0 + fi + ... + f1 = 0 in B’, where 
degfi = i. By the hypothesis, B’/mB’ ( E B/mB) is a graded ASL over k, whence we 
have 5 = 0 mod mB’. Since n,,, E Max(AJmB’ = (0) we have fi = 0. 
Hence B’ is a graded A-algebra. Next we claim that B’ is an ASL on H over A. First 
we shall show the linear independence of standard monomials. Suppose we have 
a relation xiaiMi = 0, where Ui E A and Mi E SM. For each m E Max(A) we have 
ciiiitii = 0 in B’/ mB’. Since n;li are the standard monomials of B’/mB’, we have 5i = 0 
in A/m ( z k) by (ASL-1) for B’/mB’. Then Ui E m. Therefore we have 
GE n nt E Maxi = to). 
Secondly we verify (ASL-2). Let N be the A-submodule of B; which is generated by 
SM2 over A. We claim B;/N = 0. In fact, for each m E Max(A), we have 
(B’,/N),/m(B;/N),, = B;/N OA A/m = 0. 
Hence we have (B;/N),, = (0) by Nakayama’s lemma. Therefore we have B;/N = 0 
(cf. [9, Theorems 4.8, 4.91). Then every non-standard monomials in B; can be 
expressed as an A-linear combination of SM2. We can prove that this expression is as 
required in the condition (ASL-2) by the arguments as we show that B’ is a graded 
A-algebra. 
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Thus we see that B’ is an ASL on H over A by [3, Proposition 1.11. Therefore we 
have a ring homomorphism 
$: Gvf) -+ 4 
aB 
c’lif t-+ coy6 
where c& is the coefficient of y6 in the straightening relation for a/3 in B’. We can 
check easily that this map makes the diagram in question commutative. 0 
Corollary 8. In the situation of the theorem we assume, moreover, that B is reduced. 
Then B is an ASL on H over A. 
Proof. Clear from the proof of Theorem 7. 0 
4. A relation of the depth between general ASLs and the Stanley-Reisner ring 
Let A be an ASL on a finite poset H over a ring R with straightening relations 
./I = c crayG with cy6 E R 
yd~SMz,y<a,B 
for incomparable elements CI and /I in H. 
We choose a map w: H + N such that 
(**) W(E) + w(B) ’ w(Y) + w(6) 
for each (c(, p, y, 6) with CI + fi, y I 6 and y < a$. We recall this map w a weight on H. 
Let S be an R-algebra and t E S. Then we define an S-algebra ACs,(, as follows: 
A (s,t) = SCX,: = E HI/ X,X, - 1 CybtW(aX)+W(B)-W(Y)-W(6)XYX6: cI f/j . 
ydeSMz,y<a,B 
With the inclusion map i : H c--) A,, tj g iven by a H X, = the residue class of X,, ACs,tJ 
is an ASL on H over S by Lemma 1. In fact, if we extend w onto N x H x H by 
w(t”XyXa) = n + w(y) + w(6), the weights of all terms appearing in the expression 
X3lXa - c CydtW(ol)+w(B)~w(y)-w(6)XyXg 
ydcSMz,y<a,B 
are the same. Therefore, on comparing the coefficients of the standard monomials in 
two standardizations of non-standard monomials, e.g. (@)y and (cry)p for CI + b,y, the 
weights (or degrees in t) are equal for all standard monomials. 
Remark. Let H be a finite poset. First, we recall the definition of rank r on H. Define 
a function r : H + N by 
I, CI is minimal, 
CIH 1 max {nEN: a=~, >c(~> ... >CI, for some fxZ, . . ..cln}. 
otherwise. 
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Then the rank of H is 
rank H = max{r(cc): a E H}, 
which we abbreviate as r(H). Then we define a weight w, w: H ---f N, by 
i 
1, if M is minimal, 
a H 1 + 2r(H)-2 + 2*(H)-3 + . . . + 2r(H)-r(a), otherwise. 
Then the weight w satisfies the condition (**). 
Proof. Without loss of generality we may assume r(c1) I r(P). We have 
44 + w(P) - W(Y) - 44 
2 (1 + y(H)-2 + 2rw-3 + . . . + pwr(a)) 
+ (1 + pf)-z + 2*W-3 + . . . + p~)-m) 
-(I+2 r(n)-2 + 2r(H)-3 + . . . + 2r(H)-r(y)) 
- (1 + 2r(H)-2 + 2r(ff-3 + . . . + 2 + 1) 
= (2rW-*Wl + . + 2rw-r(a)) 
- (p-r(P)-1 + . . . + 2 + 1) 
> 2*W)-r(a) _ 2*(H)-r(B) 2 0. q 
We state a relation of the depth between general ASLs and the Stanley-Reisner 
ring. 
Theorem 9. Let A be an ASL on a jinite poset H over a jield k. Then 
depth k[H] + 1 2 depth A 2 depth k[H]. 
Proof. Note that B = ACkttI,tJ has the non-zero divisor t and B/(t) z k[H]. We first 
prove the right inequality. Let jr, . . . , jp be a homogeneous regular sequence in k [H]. 
Then its inverse image y,, . . . ,y, is also a regular sequence in B, where we take 
Yl, ... 3 yp as homogeneous with respect to the weight introduced at the beginning of 
this section. We can easily prove that y,, . . . ,yP, t - 1 is a regular sequence in B. 
Hence so is its image in the localization BcH,r-lJ. Since BCH,r_lJ/(t - l)BCH,t-I, E 
AcHj, the image of y,, , y, is a regular sequence in AcHj. Since depth A,,, = depth A, 
the right inequality holds. Next we prove the left inequality. Let jl, . . . , jP be 
a homogeneous regular sequence in A. We have the isomorphism B/(t - 1) z A. Then 
we can easily prove that its homogeneous inverse image y,, . , y, is also a regular 
sequence in B. Since depth B = depth k[H] + 1, the left inequality holds. Cl 
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The right inequality is known as the fundamental theorem on ASLs in [3, Corollary 
7.21. From the moduli-theoretic point of view, we have a morphism cr: A’ = 
Spec k [t] --) ASL,, k such that the point o(O) corresponds to the Stanley-Reisner ring 
k[H] and the point o(l) corresponds to the given A. 
We call a poset H Cohen-Macaulay (resp. Buchsbaum) over a field k if the 
Stanley-Reisner ring k[H] is Cohen-Macaulay (resp. Buchsbaum). We call a poset 
H weakly Cohen-Macaulay over a field k if there exists a Cohen-Macaulay ASL on 
H over k. 
Corollary 10. Let H be a weakly CohenMacaulay poset over k of rank d. Then 
t?i(d(H), k)=O for i= 0, . . . ,d- 3, and dimtid_r(d(H),k) 2 dimti,_,(d(H), k), 
where H”i(A(H), k) is the ith reduced homology group of the order complex A(H) of H. 
Proof. It follows from Hochster’s formula (see [ll, Theorems 4.1, p. 701) that 
F(HA(k[H]), t) = C dim,I?i_.(r,_,(lkF; k)(t-‘/(l - t-l))#‘F’, 
FEd(H) 
where H&(k[H]) is the ith local cohomology group of k[H] with support m = (H) 
and 1kF = {GE A: G u FE A, G n F = 0} and the fact that if H is weakly Cohen- 
Macaulay then ( - l)dP1j(A(H)) 2 0, where z(A(H)) is the reduced Euler character- 
istic of A(H). 0 
Hibi conjectures that weak Cohen-Macaulayness implies Cohen-Macaulayness. 
We now give a partial result on this conjecture: 
Proposition 11. Let H be a Buchsbaum poset over a field k of rank 3 with just two 
minimal elements. If the poset H is weakly Cohen-Macaulay over k, then H is Cohen- 
Macaulay over k. 
Proof. Let x, y be the minimal elements of H. Let I (resp. J) be the poset ideal 
H\{z E H: z 2 x (resp. z 2 y)}. Let A be a 3-dimensional Cohen-Macaulay ASL on 
H. We consider the long exact sequence of the local cohomology groups with support 
m = (H) associated the exact sequence 
(0) --f A + A/IA @ A/JA + A/(ZA + JA) + (0). 
Since Hi(A) = Hk(A/ZA) = Hh(A/JA) = 0, we have Hi(A/(ZA + JA)) = 0. Then 
A/(ZA + JA) is a 2-dimensional Cohen-Macaulay ASL on H\(I u J). Since a weakly 
Cohen-Macaulay poset of rank 2 is Cohen-Macaulay, k[H\(I u J)] is Cohen 
Macaulay. We consider the long exact sequence of the local cohomology groups 
arising from the exact sequence 
(0) --f k[H] + k[H\I] 0 k[H\J] + k[H\(Z u J)] -+ (0). 
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We have H\Z = {z E H: z 2 x} = star,(x) and H\J = {z E H: z 2 y> = star,(y) 
(see [6, p. 991). Since H is Buchsbaum, k[H\I] and k[H\J] are Cohen-Macaulay. 
Then we have H,$(k[H\I]) = H$(k[H\J]) = Hh(k[H\(I u J)]) = 0. Hence 
H;(k[H]) = 0. 0 
5. ASLs on trees 
In this section we treat a special class of posets which are called trees. We begin with 
the definition. Let T be a finite poset with a unique minimal element. Then T is a tree if 
the Hasse diagram of T is tree in the sense of graph theory. Let F,,, be the poset 
C, @ A,, where C, is the chain (i.e., totally ordered set) with cardinality s, and A, is the 
antichain (i.e., any two elements are incomparable in A,) with cardinality r, and 
C, @ A, is the disjoint union of C, and A,. with an order as follows: x < y in C, @ A, if 
x < y in C, or if x E C, and y E A,. We call F,,, a flower of type (r, s). 
The following theorem is more or less obvious, but we cannot find it in the 
literature. 
Theorem 12. Let T be a tree such that rank T 2 2, and let k be a field. Then the 
following conditions are equivalent: 
(1) T is integral over k, i.e., there exists an ASL on T over k which is an integral 
domain. 
(2) T is weakly Cohen-Macaulay over k. 
(3) T is Cohen-Macaulay over k. 
(4) (1 - t)“+‘F(k[T], t) = 1 + (r - 1)t f or some r, s 2 1, where F(k[T], t) is the 
Hilbert series of k[T]. 
(5) T = F,,, for some r,s 2 1. 
Proof. (1) + (5) This can be proved similarly as in [S, Proposition A]. 
(5) * (1). Since F(r, 1) is integral (see [12, Theorem 2.4]), then F,,, (s 2 1) is also 
integral. 
(2) 3 (5). If T is not a flower, there exist three elements x,y,z E T with x > y, x + z, 
y-jz,suchthatS=(tET:t<y}=~tET:t<z}isachainandthatforalltESand 
for all w E T\S, t < w holds. Let A be an ASL on H over k. We may show that 
B = A/(S) is not Cohen-Macaulay. But it is clear, since B is an ASL on T\S, which is 
not connected, and dim B 2 2. 
(5) * (3) Clear. 
(3) * (2) Clear. 
(4) * (5). If T is not a flower, let S be as in the proof of (2) * (5). We put U = T\S. 
U is not connected, and every connected component of U is a tree. Let V be 
a connected component of U. Since the order complex A(V) is contractible, the 
reduced Euler characteristic is written as 
i(A(U)) = (the number of connected components of U) -- 1 2 1. 
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Now if the Hilbert series of k [ U] is given by 
F(k[U], t) = (1 - t)-“(1 + Ult + ... + adtd), 
where d = dim k[U], then we have 
l%l = Ix”@(U))1 2 1. 
Since we have d L 2, U does not satisfy the condition (4). 
(5) + (4). A straightforward computation. 0 
6. An example of non-Cohen-Macaulay ASL domain 
Let K be a field, let R be the polynomial ring K [x,, . . . ,x,,], and let I be 
a homogeneous ideal. We give an algorithm which determines the primeness of I. We 
follow basically the primeness test given in [S], where it is called the primality test. But 
we partially improve it by making use of the property that I is homogeneous to 
economize time and memory on computing with a computer. 
We prepare several lemmas. See, for example, [S] for the definition and properties 
of Griibner basis (G-basis, for short). 
Lemma 13 [S, Proposition 3.11. Let R be a ring and let I be an ideal in 
R[y, x] = R[yl, . , y,, x1, . . ,x,1. Let >1 (resp. >J be an order on the set of 
monomials in x (resp. y). Dejine an order > on the set of monomials in x and y as follows: 
xAyB > xCyD 
if xA > 1xc, or xA = xc and yB >2yD. Let G be a G-basis for I with respect to > . Then 
we have: 
(1) G is a G-basis for I with respect to the order > 1 on (R [ y])[x], a polynomial ring 
in x with coeficients in R [ y]. 
(2) G n R[ y] is a G-basis for I n R[y] with respect to the order >2. 0 
Lemma 14 [S, Proposition 3.71. Let R be an integral domain, and K its quotientjeld. 
For any given ideal I c R[x], we have 
IK[x] n R[x] = ZRs[x] n R[x] 
where s is the product of the leading coefficients of a G-basis for I. 0 
Lemma 15. Let R be an integral domain, I an ideal of R, and s an element of R. Then we 
have IR, n R = I if and only ifs is a non-zero divisor on the residue ring R/I. 
Proof. Obvious. El 
Lemma 16 (see e.g. [ll, Lemma 2.23). Let R = OnlO R, be a Noetherian graded ring 
with R, = K, a$eld. Then a homogeneous element s E Rd is a non-zero divisor of R if 
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and only if 
(1 - td)F(R, t) = F(R/(s), t) 
holds, where F(R, t) (resp. F(R/(s), t)) is the Hilbert series of R (resp. R/(s)). 0 
Lemma 17 [S, Lemma 4.11. Let R be a ring. Then an ideal Z c R[x] is prime if and 
only lf I n R is prime and the image of I in R/(Z n R)[x] is prime. 0 
Lemma 18 [IS, Lemma 4.21. Let R be an integral domain, and K its quotient$eld. If I is 
an ideal of R[x] such that I n R = (0), then I is prime ifand only if ZK[x] is prime and 
ZK[x] n R[x] = I. 0 
Proposition 19 (cf. [S, Proposition 4.33). We assume that we can test the irreducibility 
of one-variable polynomials over the quotient jield of the residue rings of K [xl, where 
K is ajield. Then it is possible to determine the primeness of homogeneous ideals of K [xl. 
Proof. We proceed by induction on the number of variables. Let Z be a homogeneous 
ideal of K[xI, . . . ,x,1 (n 2 1). Put I1 = I n K [x2, . . . ,x,1. Since we can take a set of 
homogeneous elements of K [x1, . . . ,x,1 as a G-basis of I, we can find a homogeneous 
G-basis of I, by Lemma 13(2). By the induction hypothesis, we can determine the 
primeness of II. If I1 is not prime then Z is not prime and we are done. Otherwise, by 
Lemma 17, we have only to test the primeness of the image .Z of Z in R[xI], where 
R = K[xZ, . . . , x,] /II. Note that J n R = (0). Let L be the quotient field of R. Then 
JL[xI] is a principal ideal and hence we can test its primeness by checking the 
irreducibility of its generator. If JL[x,] is not prime then nor is I. Otherwise we must 
determine whether or not JL[xl] n R[xl] = J holds by Lemma 18. We can take the 
image of a G-basis for I in R[xl] as a G-basis for .Z (cf. [S, Proposition 3.31). We have 
only to determine whether or not JR,[x,] n R[xl] = J holds by Lemma 14, where 
s is the product of the leading coefficients of the G-basis for J. For that purpose, by 
Lemma 15, we have only to determine whether or not s is a non-zero divisor on the 
residue ring R[x,]/J N K[x,, . . . , x,] /I. This can be done by Lemma 16. 0 
Now we give an algorithm which determines the primeness of homogeneous ideals: 
Algorithm PTH (K; x; I). Primeness test for homogeneous ideal. 
Input: Field K; variables x = x1, . . , x,; homogeneous ideal Z c K [xl. 
Assumptions: (none) 
Output: TRUE if Z is prime, otherwise FALSE. 
Step 1: If n = 0: if Z c K is (0), return TRUE, otherwise return FALSE. 
Step 2: Compute I1 = Z n K [x2, . . , x,] (or find a G-basis of II). 
Step 3: If PTH (K; x2, . . . ,x,; II) = FALSE then return FALSE. 
Step 4: Let R = K[xZ, . . . ,x,,]/ZI, J = ZR[x,], L = the quotient field of R. 
Step 5: 
Step 6: 
Step 7: 
Step 8: 
Step 9: 
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Fig. 2. 
Compute JK[x,] = (f) (or find such f). 
If fis reducible over L then return FALSE. 
Let s be the product of the leading coefficients of a G-basis for J and put 
d = degs. 
Compute F(R[x,]/J, t) and F(R[x,]/(J, s), t). 
If F(R[xI]/J, t)(l - td) = F(R[x,]/(J, s), t), then return TRUE, otherwise 
return FALSE, 
Remark. In [S], in order to determine whether or not JR,[x,] n R[x,] = J holds, 
the isomorphism JR,[x,] n R[xl] z (J, ts - l)R[x,, t] n R[xl] is used, where t is 
a new indeterminate. It is therefore necessary to find a G-basis of the ideal (J, ts - l), 
which uses up enormous memory. To avoid this ineffectiveness we compute the 
Hilbert series of R[x,]/J and R[x,]/(J, ) s in our algorithm. For the computation, we 
must find G-basis of J and (J, s), which uses up less memory in general. 
Now we give a concrete example of a non-Cohen-Macaulay ASL domain. 
Theorem 20. Let K be afield of characteristic 2, and let H be the poset given in Fig. 2. 
Let A be the ring R/I, where R is a polynomial ring K [.x1, . . . ,x14], and I is the ideal 
of R generated by the following 42 elements: 
x2x3 + xlx6 +x1%, x3x4+x1x9 +x1x10> 
x2x4+x1xS +x1x7, X4X6 + XIX11 + x1x12, 
X4X8 + x1x13 + x1x14, x2x9 + xix11 + x1x13, 
x2x10 + x1x12 + x1x14, x3xs + x1x11 + x1x14 
x3x7 + x1x12 + x1x13, x5&j + x1x9 + x1x10 + x2x11, 
x5x7 + x; + x2, x5x8 + xlx9 + xlxlO + xZx14, 
xSx9 + x1x6 + xl&3 + X4X11 > x5x10 + X1X6 + x1x* + x4x14, 
x6x7 + x1x9 + xix10 + x2x12, X6X8 + x; + x5, 
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x6x9 + x1x5 + x1x7 + x3x11, 
x7x8 + xlx9 + x1x10 + x2x13, 
x7x10 + x1x6 + x1x8 + x4x12, 
X8X10 + x1x5 + x1x7 + x3x14, 
x5x12 + x2x6 + x4x1O, 
x6x13 + x2x7 + x3x9, 
x7x11 + x2x6 + x4x9, 
&?Xll + .%x5 + x3x9, 
xgx12 + x3% + x4x7, 
x10x11 + x3x6 + xqx5, 
x11x12 + xi + x;, 
x11x14 + x: + x:, 
xl2xl4+x~+x:o, 
x6x10 + x1x5 + x1x7 + x3x12, 
x7x9 + x1x6 + xl% + x4x13, 
X8X9 + x1x5 + x1x7 + x3x13, 
x9x10 + x: + xi, 
x5x13 + X2X8 + x4x9, 
x6x14 + x2x5 + x3x10, 
x7x14 + x2x8 + x4x10, 
X8X12 + x2x7 + x3x10> 
x9x14 + X3X8 + x4x5, 
x10x13 + X3% + x4x7, 
x11x13 + xz + x;, 
x12x13 + xi + x:, 
x13x14 + x.: + x;. 
Then A is a non-Cohen-Macaulay ASL domain on H over K. 
Proof. We can check that A is an ASL on H by Lemma 1. We have P = (x1, x2 + 
x3 + x4, x5 + x6 + x7 + x8 + x9 + x10, xl1 + xl2 + xl3 + x14} as a homogeneous 
system of parameters of A. Since we have 
F(A/(P), t) = 1 + lot + 13t2 + t3 # 1 + lot + 13t2 = (1 - t)“F(A, t), 
A is not Cohen-Macaulay. We can check the primeness of I by the algorithm given in 
this section. Then A is an integral domain. 0 
Corollary 21. Let K be ajield of characteristic 2. Then an integral poser over K is not 
necessarily Cohen-Macaulay over K. 
Proof. Let H be the poset in Theorem 20. Then H is not Cohen-Macaulay over K, 
since the geometric realization Id(H\{x,})l of the order complex d(H\{x,}) is the 
real projective plane P2(Q (cf. [ 10, Remark 3)). 0 
Note added in proof. After finishing this article, the author was taught that the ring 
Acs,t, defined in Section 4 has the similar structure as the ring R, of the following 
paper by H.-G. Grabe, Resolving algebra with straightening law [Beitrage zur 
Algebra und Geometrie 33 (1992) 5-161. 
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